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Abstract. To study the Coulomb drag resistivity of barrier-coupled 2D=1D and 2D-2D
systemns as well as the transition behaviour between them, we suggest investigation of a system
which is composed of a couple of batrier-separated cylindrical & quantum wells ({CDWs) with
a common cylindrical symmetry axis. We find that for coupled 2D—1D CDWSs, the momentum
relaxation rate, zD_l. is approximatzly proportional to T4, while for coupled 2D—2D CDWs,
it is proportional to T¢ which is in accord with the characteristic behaviour of the momentum
relaxation rate in coupled 2D—2D planes. In the transition region from coupled 2D—1D to
2D-2D CDWs, 75 ! is proportional to 77 with n reduced from 4 to 2 gradually. In addition,
quite unlike the approximate d'2'4~depe.ndence of momentum relaxation rate divided by Tﬁﬂx
in coupled 2D—2D planes, due to the quantization of the circular motion round a cylindrical
symmetry axis, for coupled 2D—11» CDWs the momentum relaxation rate divided by 7,3, is
approximately proportional to £~ times 2 nearly perodic function of d, while for coupled
2D-2D CDWs, the momentum relaxation rate divide by Tj“ is approximately proportional to
d=2* times a nearly periodic function of o, where d is the distance between two CDWs,

1. Introduction

The characteristic energy dependence of the electron-electron scattering rate is due to the
phase-space restrictions that apply to the mutual scatiering of particles in a nearly degenerate
gas. These restrictions are different for systems with different dimensionalities. In a three-
dimensional electron gas at zero temperature, the electron—electron scattering rate 1/T(e)
depends on the electron energy € according to 1/7(€) (¢ — w)?, where w is the chemical
potential. At finite temperatures this characteristic energy dependence yields relaxation rates
that are proportional to T2. For a two-dimensional electron gas this scattering rate at zero
temperature is proportional to (¢ —)*In|e — u| [1]. At finite temperatures the corresponding
relaxation rates become proportional to 72 In 7. In the past few years, the Coulomb drag
problem in barrier-coupled systems has attracted considerable research interest because it
provides a way of probing electron—electron interactions between two systems which play a
crucial role both in basic theoretical research and experimental studies. The research resuits
in this field show also that the relaxation rates between two barrfer-separated systems depend
sensitively on the dimensionality of the two systems coupled to each other. The effect has
been considered in coupled 3D—3D, 3D—-2D, 2D—2D and ID—ID systems by a number
of different authors {2—5], but none of them have ever discussed the mutual drag between
the 2D system and the 1D system as well as the transition behaviour of the Coulomb drag
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from coupled 2D—2D to coupled 2D~1D and from coupled 2D—1D to coupled 1D—~1D
systems.

In a cylindrical quantum well (CQW) [6, 7], the electrons are confined in the cylindrical
potential well with inside radius #; and outside radius a», and are free to move in the well.
If g; tends to as, 1.e., the electron density profile in the radial direction is a §-function, the
electron gas is confined in a cylindrical surface, and a CQW is reduced to a CDW as we
call it from now on. In this paper we consider a barrier-coupled CDW system as shown
schematically in figure 1 which is composed of two CDWs with a common cylindrical
symmetry axis (i.e., the two CDWs are coaxial), of radii a and b respectively (b > a and
b —a = d). Their length, L, tends to infinity. Such a coupled CDW model would be
an interesting system to study because we know well that when we reduce the radius of
a CDW, the dimensicnality of its electron gas changes from 2D to 1D at a critical radius
re which is determined by the electron area density [6—8]. Therefore when we change the
radii of both CDWs of a coupled CDW system, we can study the Coulomb drag preperties
between 2D and 2D, 2D and 1D or 1D and 1D electron gases, and study the transition
behaviour between them.

z

chw2

COW1 —

N

Figure 1. A schematic drawing of the barrier-coupled CDW system.

2. Drag resistivity in coupled CDWs

After a current I; along the direction of cylindrical symmetry axis {the z-direction) is driven
in the outer CDW with radius b, one measures the voltage difference V) which is induced
in the inner CDW with radius & under the condition that no current flows in this CDW. The
current per unit width is j, = /(2= b), while the magnitude of the electric field strength,
which prevents the electrons in the inner CDW from being dragged along by the cumrent
in the outer CDW, is Ey = V1 /I, where [ denotes the distance between the probes used to
measure the voltage difference. The drag resistivity is defined by

E; ZﬂbV]_
Jz Ll

(1)
Experimentally, E; is found to be proportional to drift velocity uz which is defined ag

jz = ALl (2)
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where n; is the number of electrons per unit area in the outer CDW, while ¢ is the elementary
charge. The coefficient relating E; and u» is the drag mobility @y which is defined by

&)

The mobility ¢p may in turn be expressed in terms of the momentum relaxation rate 1/zp
according to

e
KD = Efn- @
As a result, the drag resistivity, which has the dimension of a resistance, may also be written

as
*

i
ngez'cg

Pp = 5)

where u* is the effective mass of conduction electrons. The theoretical calculation is aimed
at expressing the drag resistivity pp or the momentum relaxation rate 1/zp as a function of
temperature T and the distance d separating the two CDWs.

3. The momentum relaxation rate
The noninteracting single-particle ground-state energy and wave function for the electron
with effective mass p* in the COW with radius rp can be written as

Iv) = 10, m, k) = exp(ikz + img)&o(r) (6}

with [£o(r}|* = 8(r — ro)/r and
2
+m2/rg). ¢

€y =

The momentum relaxation rate is determined by using the linearized Boltzmann equation
[5]. The linearized collision integral in cylindrical coordinates is

3\ diey s
(g)w”* (z,z)zabﬁ;w;, f 555 | Gy @B 20— 9

Xf1f2(1 - f1r)(1 - fzr)a('fl e — e —ex) (3

where f0 is the equilibrium distribution function. For brevity, the quantum number sets

{0, my, k1), €0, ma, ko) etc are labelled as 1, 2, ..., and the quantities referring to the inner
CDW (CDW 1) are labelled 1, 1, and, similarly, those referring to the outer CDW (CDW

2) are labelled 2, 2. w(l,2; 1',2") determines the probability that two electrons in states 1

and 2 will scatter to 1’ and 2/, Also, we have my ==my +mp—myp and by =k + ko — kv

because of conservation of angular momentum and momentum. In terms of the momentom
conservation, the difference between two deviation functions can be written as

ﬁe‘L'gEz
wkeT
where E, is the electric field in CDW 2, directed along the z-axis, and 1> is an energy-
independent momentum relaxation time. We now multiply both sides of equation (8) by &;

and sum over the siate (m,, ki, o7). The term k; (kyr — k1) in the integrand can be replaced
by —(ky — k;)?/2 due to the symmetry of the remaining part of the integrand with respect

Y2 — Yz = — (ky —k3) - 9
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to the interchange of 1 and 1. After completing the integration by parts on the left-hand
side of the equation, we get

eEm hety By dky ]
h =(ﬁ2(2n)3a2bu*kgr) Z Z f f f w(l,2; 1'2g

OOz, 0, 0ar My My 1D
xS — FOi—Forste+ e —er — ) (10)

where g is the wave-vector transfer given by ¢ =k — k.
By using the Born approximation, we get

C2m
>, w2 1,2) = —Aean(@)l (n
qL o) oy
where egan(g) is the Fourler transform of the effective interaction. The expression for the
coupled CDW system will be given in the next section.
The intrasubband quasi-two-dimensional polarizability is defined by [6]

Xo.0:ra (g, A, @) = — (_) E Joler} — fD(G[:)’ o an

e €1 —ér+Hhwid

where § is the surface area of the CDW, Am =myp —m; and g = kv — k1. So

Im x0,0,r0(q. Am, @) = ( ) Z (foler) — fole))m 8(¢1 — ey +hw). (13)
my k.o
By using
+00
8{¢; + €2 — €y — €) =?zf dw 8(e; — €1 +hw)dlex — ey —hw) (14)
-0
and

Fo()1 — folé + hw)] = [fole) — fole +Rhw)]/[1 — exp(—hew/ksT)] (15)

together with equations (3), (4}, (13) and #g = era Ea/p*, we may transform equation (10)
into

1 47°k3 il 2 2

Im XDua(q, Am Cr))lm Xo.0.6(q, Am, @)
smhz(ﬁQ)

where O = g/(2k¥”), Q = ho/@4E), p =2EY /(ksT). In this paper, frequency w and

wave vector g are reduced by 4E}a) /% and Zk}‘” in which E}a) and k}“) are the Fermi energy
and Fermi wave vector of the inner CDW respectively. The remaining task is to carry out
the integrations in equation (16) for several different sets of circumstances.

(16)

4. The polarizability of a CDW

The imaginary part of the polarizability of a CDW with radius ry at absolute zero temperature
is [6, 7]

I X000 (Q@: Am, @) = Y Im 4% (0, Am, Q) an
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where the angular quantum number m and Am are equal to 0, £1, +2, ... +mP®, and
m® = (k7] (18)

which denotes the integral part of kj(,m)ro, and

Iy, (2, Am, ) = (—‘“—) [H[kgfol(m) — KN Gm) — 2/ Q)]

2;12k}&]' Q
—HIE™ (m) = I (V (m) + 2/ O)1)) (19)
in which H (x) is the Heaviside unit step function. The effective wave vector
kgro}(m) = [(k}ro))z _ m2/r02]1/2 (20)
and
2
Nom) = 0+ m Am (Am) @1

26000 ko0
The Fermi wave vector k}’"“) is determined by

nomry = k0 + AR ro) — 1M + -+ + 2k ro)? — [47ro17) (22)

. where ng is the electron area density. Strictly speaking we should use here the finite-
temperature expression for Im xpg.,. This, however, owing to the step-like structure of
the energy dependence of Fermi equilibrium distribution function £°, would only affect
the momentum relaxation rate to higher order in I'/T;. We may therefore use the zero-
temperature expression, since we are concerned with the variations not on the scale of the
Fermi temperature, but on a much smaller temperature scale set by the distance d between
the two CDWs. Obviously the maximum angular quantum number mP is related to radius
ro. There is a critical radius r, which is determined by 1 / (:rrn ) For example, in the case
where ng = 1.5 x 101! em™2, r, ~ 82.187 A. When rq < r;, m® = 0, the electrons in the
CDW reduce to a one-dimensmnal electron gas [8, 9].
In terms of the Green’s function 'in cylindrical coordinates

KAm(qr)IAm(qr’) ifr'<sr

(23)
IAm(qr)KAm(qr’) ifr'2r.

Gamlrr'y = {

The Fourier transform of the effective interaction can be obtained by solving Poisson's
equation for the potential [5]

e\ Ism(@a)Kam(gh)
X A

edamlg) = ( (24)

where K, (x) and I, (x) are the mth-order modified Bessel functions and

= [1+2¢¥aR am(gad am(@aI1 + 2¢ 526 K am (gB) Ian{gh)]
—4gq 8 ab[Ism(ga) K amlgh)] (25)

where « is the dielectric constant and the Fermi-Thomas screening wave vector is
determined by

(ro} - 231."82 dﬂo
TF K dEﬁru)
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_ 2e2 p,"‘ Zk}m) ro N Zk}m) o
o) | (0o ~ 11" (70 — ()
(26)

To get this equation, we have used the expression for np given by equation (22).
5. Results and discussion
We define
r(Q,) = ZIm X0.0:a(Q, Arm, 2)Im Xo,0,6(Q, Am, )

=Y ZZIm Koo, (Q, Am, Q) Im x50 (@, Am, Q). @7)

Am om m

By using the step-like function behaviour of the Heaviside unit step function, it can be
proved from equation (19) that

—(——L) Ol <<l
Im %, = 2% Q " " (28)
0 otherwise
where
= |[Q%+ M) & Qvy | (29)
and
v = kO (m)/ R (30)

in which the effective wave vector, k{(m), is defined by equation (20) and

Jm+ Am)? ~ m?
2%$7rq '

Mr =

Gh

Then I"(Q. £2) is an Q-independent constant in the region of 2~ < Q < Q* and is zero
otherwise. The integration over Q in equation (16) may be carried out analytically to yieid

*k(ﬁ) oo
1o ( )ZZZ f dQ lego{ @ [cotanh(BS27) — cotanh(BR)] (32)

D Wsﬁsan Am o moom

where the Q¥ are defined by

o+ [9;’;:‘ if QfF < O )
- + . a
QF if 7" > Qb
and
QF if QF > Qb
Q =1 "o (34)
Qb if Q< Qf.

If the radii of inner and outer CDWs of a coupled CDW system, & and b, satisfy
a < r; < b, it becomes a coupled 2D—1D CDW system for the reasons discussed above.
Such systems are expected to have characteristics of Coulomb drag which are different
from those exhibited by both the coupled 1D—1D system and the 2D—2D system. Because
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Figure 2. The dependence on @ and Q of the integrand in equation (15} for T = 13 K.
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Figure 3. A plot of the theoretical values of 1/ {rpT*) as functions of temperature, for 4 = 175,
275 and 375 A.

a < rg, m? =0, so both m and Am are equal to zero. The surnmation over Am in equation
{27) can be cancelled while we set Am = 0 in it. And it may be proved that when Am =0,
for both 1D and 2D CDW [9],

*

29 . ry b
- N\ === ifQy <& < 8n
Im xio, =1 \2%SQ (39)
0 otherwise

where

QF = 0%+ 0y"| (36)
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in which 7 is defined by equation (30). In particular, for the inner CDW m = 0 since
a < r., and thus

Q= 10%+ 0l (37)
By using equations (35)-(37), it may be proved that

2
pwr .
I"(Q, Q) — ; (thk}a)g) if Qmin <2 < Qmax (38)
0 otherwise
where
Qmax = Ry =107+ Qv (39)
and
—n2 H m
Qi = -0 N fo<(1+J’b)2 (40)
(2 —-v" if @ > (1+y™M/2.

Attention must be paid to the fact that when Q@ = Quin = (I — ¥)/2, Qunin = Doy SO
we have ['(@, Q) = 0 when Q < Q.- Obviously for coupled 2D—1D CDWs, I'(Q, €2)
is a 2-independent constant in the region £, < §2 < Qe and zero otherwise. Therefore
we can also complete the integration over £ in equation (16) analytically, and get the
expression for the momentum relaxation rate:

1 1
=2 ()

wp (@) o0
= (Lf—) ; fo dQ ledo( Q) [*[cotanh () — cotanh(BQ..)].

3'1.'3?13017.1
(41)

The parameters used in the numerical calculation are the electron area densities in the
two CDWs, ny, = ny = 1.5 x 10! cm™2. The effective mass p* = 0.067mg and the
dielectric constant ¥ = 13.

5.1. The momentum relaxation rate of the coupled 2D—1D CDWs

First of all, we study the momentumn relaxation rate of the barmrier-coupled 2D—1D CDWs
of which the radii of inner and outer CDWs satisfy a < r, < b [11]. We take the radius
of the inner CDW to be @ = 80 A. Then the Coulomb drag behaviour of barrier-coupled
2D—1D CDWs can be yielded by carrying out the integration over O and summation over
m in equation (41).

‘We show in figure 2 the dependence for @ and © of the integrand in equation (16). Note
that the integrand vanishes in the region of reduced wave vector Q < Qpin = (1 — p") /2.

Figure 3 shows the numerical results for 1/(zp7*) as functions of temperature in the
region T = 5-30 K, calculated from equation (41) for three different values of the separation
distances, d = 175, 275 and 375 A. The maximum values of ] JtpTH oceur at around
T = 12 K which is about nine times less than Tj.
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Fr (@) for temperatures T = 12 K (the thin full curve), T = 5 K (the chain curve) and
T = 20 K (the short-dashed curve).
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Figure 5. A plot of d*/[7p (Tuas)*] as a function of distance d.

To gain a better understanding of the physics underlying the nonmonotonic temperature
dependence of 1/(zpT*), following the method of Jauho and Smith [5], we rewrite
equation (41) as

(T = fo dQ Qledo(Q)PFr(Q) 42)
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where Fr(Q@) is the result of the & integration in equation (16} which has been completed
analytically. The two factors in the Q-integral of equation (42) have different physical
origins: the Oldo(Q)|*-term describes the (-dependence of the interaction, while the
Fr(0)-section is related to the phase space corresponding to the momentum transfer Q.
These two terms are plotted as functions of Q in the case where d = 275 A in figure 4.
The function Fr(Q) is sttongly temperature dependent; the maximum peak height changes
as the temperature changes. At a certain temperature (T = 12 K in the present example},
the peaks of the two terms coincide and reach maximum overlap, resulting in the maximum
value of 1/(tpT%).

In figure 5, the dependence of d°/{Tp(Tinex)*] On the separation distance d is plotted.
The full curve shows the numerical result calculated from equation (41). The short-dashed
curve is given by a nearly periodic analytical function which is used to fit the numerical

dS

result:
. d—dg
— sin & 43
TD(Tmax)4 ( dT ) :| { )

where € = 1.70 x 10718 m?® 57! K4, dy = 117 A, and 5 = (—1){@-98/@r/M iy which
[x] means the integral part of x, and the period

(D) @ (44)

where the ré”) are a series of special radii of a CDW which satisfy the condition

=C‘|:1—n+n

dr = 1o

K — 5)
in which » is an integer.

The chain curve is used to denote the numerical value of d2/[Tp (Tuax)*] divided by its
analytical value given by equation (43). Its gentle variation versus distance 4 proves that
the numerical value is well fitted by the analytical one.

Figure 6, upper panel, shows the plot of T, as function of d, and figure 6, lower
panel, shows the plot of the logarithm of T, as a function of the logarithm of & (A). The
short-dashed curves in figure 6 show the results calculated from an analytical function used
to simulate roughly the numerical resuits:

2 2
T = 0,497 (g 82y 0% (1 | 367 o 2yT(d/dr + 0.124)]) )

d

where dr is defined by equation {44). The chain line in figure 6, lower panel, is the best-fit
line obtained using a linear fitting equation of which the slope is & = —0.14.

The physical origin of the oscillatory behaviour of the momentum relaxation rate as
shown in figute 5 is the oscillation of the Fourier transform of the effective interaction
Pam(g). We can see from equation (24) that the strength of the screening effect in a
coupled CDW system is determined by A defined in equation (25). When the radius of the
inner CDW, a, is fixed, A is an oscillatory fonction of & (or d = b — a) as the result of the
oscillation of a dimensionless screening wave vector in the Fermi-Thomas approximation,

qﬁf’}b, with respect to & (or d) with the oscillation period dr. Since according to equations

(26) and (45), in the range of a period, g}b},—b tends to infinity when b— ré") tends to 0% (ie.,

k}b)b —n tends to 0%), then it attenuates quickly as the value of b —r{" increases and giyb

reaches its minirnum value when & — ré""'l) tends to 0~ (ie., k}b)b —(n+1) tends to 07).

As a result, ¢4, (¢) and the momentum relaxation rate show oscillatory behaviour. It can
be calculated from equations (22) and (45) that ré") = 82.187, 192.116, 297.792, 402.340

and 506390 A whenn =1,2,3,4 and 5, 50 b = ré"} when the separation distance d is
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Figure 6. The upper panel shows a plot of T, as function of o, while the lower panel shows
the dependence of the logarithm of T, a5 2 function of the logarithm of 4 (ﬁx). d is the
distance between two coaxial CDWs,

equal to 2.187, 112.116, 217.792, 322.340 and 426.390 A. We can see from figure 5 that
when 4 increases and passes across these values from left to right, the momentum relaxation
rate jumps rapidly from its peak values to zero, then increases monotonically again as 4
increases until the next jumping point is reached.

5.2, The momentum relaxation rate of the barrier-coupled 2D—2D CDWs and the
transition behaviour on going from coupled 2D— 1D to coupled 2D—2D CDWs

Finally, we discuss the Coulomb drag resistivity between a 2D CDW and a 215 CDW, and
the transition behaviour of Coulomb drag on going from coupled 2D—1D CDW:3s to coupled
2D—2D CDWs. We consider a coupled CDW system of which the radii of the inner and
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outer CDWSs, a and b, are both greater than r.. Such of systems are expected to have
characteristics of Coulomb drag similar to those of barrier-coupled 2D—2D planes. In the
first example, we take @ = 150 A and b = 350, 375 and 425 A while maintaining the values
of all the other parameters. This corresponds to m® = 2, m¥ =3, 3 and 4 and Am = 0,
%1 £2 in equations (27) and (32) from which ! can be calculated as a functions of T
and 4.

T 772 (107 Jsec k)

1.0ll!rIl!llllll!'llrll!_l_l||vl|ﬁ
5 10 i5 20 25 30

Temperature (K)

Figare 7. A plot of 1/(zpT?) as a function of temperature in the range from T = { to 30 K for
different values of the distance, 4 = 200, 225 and 275 A, when a = 150 A.

In figure 7 we have plotted 1/(zpT?) as a function of temperature in the range from
T = 0 to 30 K for different values of the distance, 4 = 200, 225 and 275 A. The
maximum values of 1/(zpT?) oceur at around Tinee =~ 6 K. This behaviour is in accord
with the characteristics of momentum relaxation rates in barrier-coupled 2D—2D planes
as shown in figure 3 of [5] and figure 3 of [10] where T, is roughly equal to 10 K
and 2 K respectively. In the case where d = 225 A, for coupled 2D-2D CDWs, the
value of 1/(zpT2,,) =~ 4.2 x 107 57! K2, which is about 20 times bigger than that
of the experimental data of the coupled 2D—2D plane given in [10]. We can see from
these results that when we increase the radius of the inner CDW of coupled CDWs from
a =80 A (<r;) to a = 150 A (>r;), the characteristic behaviour of the momentum
relaxation rate as a function of temperature transforms from 2D—1D behaviour to typical
2D—2D behaviour which is maintained until rather bigger values of a are reached. For
example when a = 600 A, d =225 A and d = 275 A, the curves of 1/{(zpT?) versus
temperature 7 have maximum values at around T,y = 2 K.

Figure 8 is a plot of d**/[tp(T,ex)*] as a function of distance d in the case where
a = 600 A. Similarly to the results from figere 5 for coupled 2D—1D CDWs, equation
(43) with C = 6.6 x 10712 m>* s7! K2, dy = 114 A and dr determined by equation (44)
can be used to fit roughly the numericai resuits plotted in figure 8; i.e., for coupled 2D—2D
CDWs, t5'/T2,, is roughly proportional to d=2* times a nearly periodic function of d
with period dr. This is quite different from the d~>*-dependence of z;' /T2, . in coupled
2D—2D planes, because, according to the results of [5], 15’ and Tp,,, are proportional
roughly to d—* and d—08 respectively. So z3'/72, . is roughly proportional to d~#4, This
discrepancy originates from the quantization of the circular motion round the cylindrical
symmetry axis.

To study the behaviour of the Coulomb drag of coupled CDWs in the region where
a = r,, in figure 9 we plot v;'/T" as function of T for differential values of n for both
a =110 A and @ = 120 A in the case where d = 175 A. The dashed curves are used to
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Figure 8. A plot of d/[zp(Tmax ] 25 a function of distance d. The full curve shows the
numerical result calculated from equation (32), The short-dashed curve is given by a nearly
periodic analytical function, equation (43), which is used to fit the numerical result.
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Figure 9. A plot of [/(zpT™) as a function of T for different values of » for @ = 110 A and
a =120 A in the case where d = 175 A,

denote the results of taking @ = 110 A and the full curves are those for 2 = 120 A. It is
clear that over the whole ranges of temperatures, when @ = 110 and 120 A the momentum
relaxation rates, 75", are roughly proportional to 732 and T™* respectively, while when a
2150 A the rate is proportional to T2,

6. Conclusion

In this paper we have discussed the rate of momentum relaxation between two electron
gases confined in two cylindrical delta quantum wells with a common cylindrical symmetry
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axis which are coupled via screened Coulomb interaction. The results are that for coupled
2D—1D CDWs the momentum relaxation rate, '551, is approximately proportional to 74,
while for coupled 2D—2D CDWs it i§’ proportional to T2, which is in accord with the
characteristic behaviour of the momentum relaxation rate in coupled 2B—2D planes. In the
transition region from coupled 2D-1D to 2D—2D CDWs, 1:51 is proportional to 7" with
n reducing from 4 to 2 gradually. In addition, quite different from the d~2*-dependence
of the momentum relaxation rate divided by T2, in coupled 2D—2D planes, due to the
quantization of the circular motion round the cylindrical symmetry axis, for coupled 2D—1D
CDWs, the momentum relaxation rate divided by 7+ _ is approximately proportional to =2
times a nearly periodic function of d with period dr—while for coupled 2D—2D CDWs,
the momentum relaxation rate divided by T2,, is approximately proportional to d->* times
a nearly periodic function of 4 with period dr.

The calculation of the Coulomb drag resistivity under a magpetic field along the
cylindrical symmetry axis (the z-direction) in coupled cylindrical delta quantum wells is
under way.
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